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The Problem

radiation fransport in moving media

— CO-moving frame approach

advantage: all opacities simple to compute
— fast & easy

pbut; addifional terms in the RTE
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Radiative Transfer

or 0 0
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Radiative Transfer

I(r, 1, \): specific intensity scaled by 2,

r: radial coordinate,

u: cosine of the direction angle, i = cos ¢

v: velocity, B =v/c, v* =1/(1 — 5?),

x(r, A): extinction coefficient, x = k + o¢ + K;p(A)
n(r, A): emissivity.
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Radiative Transfer

Example for n(r, A)

1= KBA(T) + 00 J () + rio() /O T (NI dA

with

® xB)(T): Thermal emission
® o.J()\): electron scattering

® 2™ [T o\ dud): spectral line emissivity
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Numerical solution

#® recap: scattering —

S=(1—¢)J+eB

K

6:
K+ o

S depends on B and (unknown) J

— self-consistent solution for J required
direct solution expensive

use iterative method

eigenvalues of iteration matrix close to unity
— use operator splitting 1o reduce eigenvalues
of amplification matrix

e o o o o

talk.tex — numerical radiative fransfer | — Peter H. Hauschildt — 15/2/2004 - 14:03 - p.7/33



Operator Splitting Iin RT

® Formal solution (how? see below!)
J=AS
o A-iteration:

Jnew = ASOId) Snew = (1 — G)Jnew +eB

o does nofwork forr >>1 & small e
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Operator Splitting Iin RT

o JSolufion: Split A operator
A=A+ (A-A")
#® — [feratfion procedure

Jnew — A*Snew + (A — A>l<)Sold
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Operator Splitting Iin RT

# using
S=(1—¢)J+eB
and
Jts = ASola
® gives

[1 — A*(l - 6)] Jnevv = st A*(l - E)Jold
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Operator Splitting Iin RT

® solved directly to obtain J,ew

Jnew = |1 — A™(1 — 6)]_1 (J_fs — A (1 — G)jold)
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Operator Splitting Iin RT

mathematically:
same family as Jacobi or Gauss-Seidel methods

general form
Maz*tt = No* + b

for solution of linear system
Axr = b

with
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Operator Splitting Iin RT

# operator splitting —
M=1—-A(1—c¢)

and
N=(A=-A")(1—¢)

for the system matrix

A=1—-A(1—¢)
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Operator Splitting Iin RT

#® convergence of the iterations —
# spectral radius p(G) < 1
o with amplification matrix

G=MIN
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Operator Splitting Iin RT

o for this to help
s eigenvalues of amplification matrix G <« 1

o Wworks best if A* = A (direct solution, how? see
pbelow!)

s — expensive (?7)

s diagonal A* —
simple buf slow convergence

s band-matrix A* —
rapid convergence, harder to construct
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Operator Splitting Iin RT

® many possible ways to construct A*

o pest: elements of A ifself
» NO estimates/free parameters
s 'eqasy’ to compute & use
s build band-matrix A*
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Formal Solution

PP RTE:
dar _
IudTr N
discretize 7, (spatial) space

I—-5

discretize 1 (angle) space
light path — lines of constant u
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Formal Solution

® — characteristics of the RTE
# along a characteristic

I

— =-S5
dr

® where [ =I(p) and 7 = 7./p Are now measured
along the characteristic
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Formal Solution

spherical geometry:

Qz%_l—-uzal
W or r  Ou

= X(5 —1)

characteristics = light paths
static medium — sfraight lines
parameterized by impact parameter p

p(r) = i\/l — p?/r?

gives . for each point along the characteristic p
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Formal Solution

#® — along a characteristic i varies in spherical
geometry

o but the RTE along the characteristic looks like

dr

— =-S5
dr

o where [ = I(u(p)) and 7 are now measured along
the characteristic
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Formal Solution

— spherical and pp cases reduced fto FS along
the characteristic

J computed by numerical guadrature
need to compute I along the characteristics

basic ideaq:

s qApproximate S along the characteristic by
piece-wise linear or parabolic functions

s analytically solve FS along the characteristic
for 1
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Formal Solution

# this scheme gives

T4

I(ri_1)exp(Ti_1 — 7)) + / S(7)exp(T — 1) dT

Ti—1

I 1 eXp(—ATZ'_l) + Al

~ ~
~—~ ~—~
S -
~— ~—
| ]

® 7; denotes the opftical depth along the ray with
1 =0 and Ti—1

# 7 is calculated using piecewise linear interpolation
of v along the ray

ATy = (Xi—1 + Xi)|si—1 — 54| /2
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Formal Solution

# S(7) along a characteristic is interpolated by
linear or parabolic polynomials so that

Al; = ;51 + BiSi + 7iSit1
with
QU €0; + [627; — (ATZ' —+ QATi_l)eli]/[ATi_l(ATi + ATZ'_l)]

Bi = [(A1i + A7i—1)e1; — e/ |ATi—1 AT
Y; = [62@ — ATi_leu]/[ATi(ATz‘ —+ ATi_l)]

for parabolic interpolation and
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Formal Solution

0% eoi — €1i/ ATi—1

Bi = e1/ATiq
Vi 0

for linear interpolation.
o auxiliary functions:

epi = 1—exp(—ATi1)
el; = ATi—1 — eg;

B 9
eo; = (A1i_1)” — 2eq;
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Formal Solution

® A7, =711 — 7 I8 the optical depth along the
characteristic

#® must use linear coefficients at the last intfegration
point along each ray

# some times linear may be better than parabolic
(why?)
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Formal Solution

#® spherical case:

s Tangent rays: FS starts at point 2 with I; given
as the outer BC and proceeds along the ray

s FS for ‘core-intersecting’ ray: split intfo two

parfs:

1. infegration from point 1 fo point N, where I,
IS given as the outer boundary condition
and

2. infegration from point N + 2 to point 2N,
where Iy, Is given as the inner boundary
condifion.

® pp case: like ‘core intersecting’ spherical case
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Formal Solution

with this procedure, the I's can be computed for
given S

for all characteristics — full RF is known
could be used for A iteration for e ~ 1
next step: devise procedure to compute A*

space-discretized —
A operator — A matrix
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consfructing A*

# Dbasic idea:

setS=1(0,...,1,0,...)

perform FS

— delivers one column of A mafrix
repeat for all spatial (radial) points
— compute A matrix

e o o @0 ©

o [f done like described — very expensivel
#® however, it can be done analytically!
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consfructing A*

#® can be extended to full A matrix!
# this method can also be used in moving media

® can be extended to line transfer (later)
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Convergence: stafic
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Convergence: expanding

Log (corr)
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relative Performance

Fireball (line transfer)

relative time
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SN #1 (line transfer)
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® SN: vy = 0.13¢, extension 100

# Fireball: vy, = 0.9¢, extension 10°

o +: Cray Y/MP CQO0, x: Cray-2,
other: IBM 3090-500E VF
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relative Performance

static (line transfer)
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# historical ... ca. 1993
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